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ABSTRACT: In this paper we establish a theorem, using same technique in sieve of Eratosthenes, to find unknown
prime numbers in a given range, also in the given range we prove there exist prime numbers different from known
prime numbers .
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1. INTRODUCTION

Sieve of Eratosthenes is a very simple ancient algorithm for finding all prime numbers in the range from2 to a given
number N Initially, we have the set of all the numbers S ={2,34,...,n}. At each step we choose the smallest number in

the set and remove all its multiples. It is sufficient to remove only multiples of prime numbers not exceeding \/ﬁ We
start first with the smallest element in the set 2, we remove multiples of 2 from the set S, which are 4,6,8,.... At
second step we choose 3 smallest number of the remaining elements of the set S. We remove multiples of 3 from
remaining elements of the set Swhich are 6912.... At third step we choose 5 smallest number of the remaining
elements of the set S. We remove multiples of 5 from remaining elements of the set Swhich are 101520.,.... Continue
in this process, at each step we choose the smallest number, and remove all its multiples. It is sufficient to remove, in
each step, only multiples of primes numbers not exceeding+/n. In this way, all composite numbers will be
removed from the setS, and remain all prime numbers in this set.

Sieve of Eratosthenes is a well known algorithm for finding prime numbers between 2andn , several authors
presented different algorithmic forms see e.g. [1,2,3,4,5,6,7,8,9].

In this paper we define the concept of bounded multiples of an integer in a set and prove some propositions related to
bounded multiples, we use these propositions to prove the main result in this paper. The main result can be used to find

prime numbers between known two integers. Suppose all prime numbers known to us aren and p, is the largest prime
number known to us. How to find prime numbers between p and T, where p,p,p,...p,,p, =T,, isan application of
the main result, also we prove there exists at least one prime number between p andT . In the main result we use the

same technique in sieve of Eratosthenes algorithm, here we remove known prime numbers and their multiples, the
remaining numbers between p_and T, are unknown prime numbers and their products to any powers, which can be

no

written as {p. " po porl.Lpank tK, o integers,1<i<k,0<a,}.

n+l Mn+2 Fn+3 **t Mntk

1. RELATED WORK

Here we introduce the concept of finite multiple with some examples and propositions.

Definition 2.1 Let M ={1,2,3,..., m} (subset of natural numbers with melements and greatest elementm) and a

positive integer we called the set aM ={ax:ax € M, x e M }boin a set unded multiples of integer a in the setM.
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Example2.2. Let M ={1,2,3,4,5,6,7,8,9,10}, 2M ={2,4,6,8,10}, 3M ={3,6,9} and 7M = {7}. From Difnition1.1
for all set M we have 1M =M.

Remark 2.3. Let M ={1,2,3,...,m} and a positive integer, the set aM ={a,2a,3a,...,am} from Definition 2.1
aMcM andm, <m.
Remark2.4. By the set of prime numbers {p,, p,, p,,...}We mean p, =2, p, =3, p, =5,...and so on.
Example2.5. Let M ={1,2,3,...,20}, p, =2,p, =3,p; =5, p; =7, » »

pM ={2,46,..,20} ={p,p{" pj’ :i, j,ex;, o, integers, 1<i<31< j<3,0<q;<30<a,; <3}

p,M ={2,4,6,..,20} ={p,p" p/ :i,a, B integers, 1<i<4,0<a<3,0< p<1}

p,M ={3,6,9,..,18} ={p, p p/ :i,a, B integers, 1<i<3,0<a <2,0< B <1}

M — p,M ={x: xinteger not multiple of 2}

M — p,M ={y: yinteger not multiple of 3}

M —(p,M U p,) ={z:z not multipleof 2and not multipleof 3}

M-(pMuUDp,)={15711131719}

M —(p,M U p,) ={p;° P Pe® Pe° P57 Pg° - P; primenumber,0< ¢, ¢; integer,3<i<8}

aM ={ax:axe M,xe M}

Proposition 2.6. Let am multiples of integer a in the set M, b is positive integer, (b)am is multiples of integer b
by in the set aM, (ba)M is multiples of integer ba in the set M, then (h)am = (ba)M and(ab)M = (ba)M.

Proof: From Definition 2.1 we have
(b)aM ={bax:baxeaM,ax eaM}={bax:baxc aM < M,axe aM c M}={bax:baxe M,xe M}=(ba)M, and
(ab)M ={abx:abxeM,x e M}={bax:baxe M,x e M}=(ba)M.

Proposition 2.7. Let aM is bounded finite multiples of integer a by elements of the setM and bT is bounded finite
multiples of integer b by elements of the setT, if b is multiple of a then bM caM andif aT caM then TcM.
Proof: Supposeh is multiple of athen there exists positive integer ¢ >1 such that b = ac From Difnition1.1 there exists
m,m,, m, such thatM ={123,....m}, aM ={a.2a,3a,...,ma}, bM ={b,2b,3b,...,m,b}, and {a,2a,3a,...marc M ,
{b,2b,3p,...,mb} = M, where m <m, m, <m.

Since {ca,2ca,3ca,...,m,ca}={b,2b,3b,... m,b}c M, {a2a3a,.,ma}cM and c>1,ca>a we have m >m, then

{ca,2ca,3ca,...,m,ca} = {a,2a,3a,...,ma}, therefore bM c aM.
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Suppose aT < aM , from Definition 1.1 aM ={a.2a,3a,...,ma}such that M ={1.2,3,...,m}andaT ={a.2a,3a,...,t,a}

such that T ={1.2,3,...,t} where m,m,,t,t, are positive integer such that { <m m, <m,m, < g,tl <t Sé’ then we

M jcm<Mand 28 M@ M therefore t<mand T < M.
a a a' a a

t t
have Solst<

QD
o |3

Proposition 2.8. Let aM is bounded finite multiples of integer a by elements of the setM and abT and is bounded
finite multiples of integer ab by elements of the setT ,where bis any positive integer .If abT < aM then we have
bT < M.

Proof: Using Proposition 2.7. and let aT = abT therefore if abT —aM then we have bT = M .

Proposition 2.9. If aM is bounded finite multiples of integer a by elements of the set M and for any positive integer

b which satisfies bM is bounded finite multiples, then we have (ab)M < aM.
Proof: From Proposition2.6. we have (b)aM = (ba)M. Using Difnition1.1we have
(ba)M = (b)aM ={bax:bax e aM,axeaM}c aM

1. MAIN RESULT

In next theorem we will prove there exists at least one prime number between p andT, .
Theorem3.1. For prime numbers p,, p,, ps,..., P,, 1€t p,p,ps...p, =T, then there exists at least one prime number q
suchthat p. <q<T,.

Proof: Given p,p,p,...p, =T, then T -1 can not be divided by any element of the set {p,, p,, p;....p,}, because
residue of division T -1 by p, equal p, —1 and p, —1=0 for all 1<i <n. Since any integer greater than one either
prime or composite of finite number of primes and there are infinitely many primes, for T —1 is prime number then
we have p <T, —1<T,, therefore the theorem holds, if T —1 is composite then T, —1=p* pr2, po3;...PnY, » Where
Prits Prsas Prsgreens Poo @€ Primenumberssuchthat p < p. ., < p,.;<..<p,.. ad a,,a,,a;,...,a, are integers
not all equal zero, (ifall of o, a,, as,..., @, are equal zero, then T -1=1). If o, # 0 then there exists prime number
p,, suchthat p <p. ,<T.If o, #0 then there exists prime number p_, suchthat p <p. ,<T,.

Generally if o, # 0 then there exists prime number p . suchthat p <p . <T forall 1< j<k therefore the

n+2

theorem holds for T -1 composite. Therefore exists at least one prime number ¢ suchthat p <q<T,.
Example3.2. Let n=3,p, =2,p,=3,p, =5 and T, =30 , then there exist p, =7, p, =11, p, =13, ... such that
5<7<30, 5<11<30, 5<13<30
Example3.3. Let n=4,p, =2,p,=3,p,=5,p, =7 and T, =210, then there exist p, =11, p, =13, p, =17,....

suchthat 7<11<210, 7<13<210, 7<17<210
Now we are ready to prove our main result.
Theorem 3.5. Let p,, p,, ps,..., p,, be prime numbers, p,p,p,...p, =T,, andM ={1,2,3,...,T,}, and for prime

number p, let pM ={pt:teM,1< pt <T } (bounded multiples of the integer p by elements of the setM ) then for
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prime nUmberS, pn+1’ pn+2’ pn+3""1 pn+k SUCh that pn < pn+1 < pn+2 < pn+3 <..< pn+k <Tn then we have
n

M —U PM ={p i prz pres...pane i K, o integers, 1<i <k, 0< ¢}
i=1

Proof: Since p,p,p;...p, =T,, andM ={1,2,3,...,T,}, by using Theorem 3.1. there exists at least one prime number
g suchthat p <q<T,,suppose that all prime numbers between p_and T are p. ., P,.,s Ppigses Prae SUCh that
P < Pri < Proa < Prsg << Prox <T,. FOrall x e M we can write
X=PPPy? P P Pt Pt P Pk 1K, o integers, 1<i<n+k,0< ¢
Forall y e M — p,M wecansay y,e M and y, not multiple of p, , we can write
Y= P57 P3Py P Pty Pots - PR s integers, 2<i<n+k,0<¢
Forall y,e M —(p,M U p,M),wecansayy,e M andy, not multiple of p, or multiple of p,, we can write
Yo = Pg* Py oo Py PR Py Pty Ptk K, integers, 3<i<n+k, 0<g
n

Continue in this process, y e M _U p,M, wecansay y e M andy not multiple of any element of the set
i=1

{p;, P, Psr-enr P, }, WE CanN write

Y, = Prt P PPk tK, o integers,n+1<i<n+k,0<¢,

Therefore, M —U PM ={p; s prrs Pars - P 1K, o integers,1<i <k,0< ¢}

n+3 *
i=1
Example 3.6. Let n=3,p, =2,p,=3,p,=5,p, =7, p; =11, p; =13, p, =17, p, =19, p, = 23, p,, = 29 and

T,=2(3)(5)=30 , M ={1.23....T,}, 2M ={2,4,6,...30}, and 3M ={36,9,...,30}. We have
M —2M ={135,....29}, M —3M ={1,2,45,7,8,...29}, M —(2M U3M)={L57,11,....29},and
3
M —(2M U3M USM) =M —| ] p, ={L7,111317,...,29}.
i=1
Example3.7. Let n=4,p, =2,p,=3,p, =5, p, =7, Ps =11,..., P,, =193, p,; =197, p,, =199 and

T,=210 , M ={1,2,3,.. T}, 2M ={2,4,6,...,210}, and 3M = {3,6,9,...,210}. We have M —2M ={L,35.,...,209},
M —3M ={1,2,4,578,..,209}, M —(2M U3M)={157,11,...,209},
M —(2M U3M U5M) ={1,7,11,1317,...,209},

4
M —(2M U3M USM U7M) =M —| J p,M ={111,1317,19,...197,199,209}

k=1

4

M —U pM ={11113,17,19,...,197,199,209} ={L, P, Ps, Py Pus+ Puss Pzs PsPer Ps P+ PsPer Po}
k=1
4

M —U pM ={111131719,...197,199,209} ={p° ps° p;"... P, : ¢t; integer,5<i1<46,0< ¢}
k=1

V. CONCLUSION

Suppose all prime numbers known to us aren and p, is the largest prime number known to us. Let
PP, Ps PP, =T,and M ={1,2,3,...,T,}, if we apply Theorem 3.5. we can discover a set of prime numbers, since

n
M ={JpM ={p: by P .- Pt 1K, ax,. ; integers, 1< j <k, 0<a,,;} the two smallest elements in the
i=1
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n
set M _U p,M are {1, p,,,}- Therefore p_, issmallest element of discovered set of prime numbers. For the set
i=1
n+l
M _U pM ={ps P Pt P K, ex,,; integers, 2 < j<k,0< e, }, the two smallest elements in the set
i=1
n+l
M _U p,M are {1, p,,,}. Therefore the two smallest elements of discovered set of prime numbersare p ,and p_,
i=1
n+2

suchthat p,., < p,.,- AlsoM —( Jp,M ={ps iy pries .. povie 1K, @, integers, 3< j<k,0< e, },
i=1
n+2
the two smallest elements in the set M _U p,M are {1, p, ..} Therefore the smallest three elements of discovered set
i=1
of prime numbersare p_ ., p,.,,P,.; SUuchthat p . <p.., <p,.,- Continue in this process the discovered set of

primes numbers will be {p, .., P,.o1 Ppigses P rSUCh that p ., < pL, < Poyg <o < Py <Tp-
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